GENERALIZED STRICHARTZ ESTIMATES ON PERTURBED WAVE 
EQUATION AND APPLICATIONS ON STRAUSS CONJECTURE 



XIN YU 



1. Introduction and Main Result. 

The purpose of this paper is to show a general Strichartz estimate for certain perturbed 
wave equation under known local energy decay estimates, and as application, to get the 
Strauss conjecture for several convex obstacles in n = 3, 4. Our results improve on earlier 
work in Hidano, Metcalfe, Smith, Sogge and Zhou [M]. First, and most important, we 
can drop the nontrapping hypothesis and handle trapping obstacles with some loss of 
derivatives for data in the local energy decay estimates(see ()1.2[) below). This hypothesis 
is fulfilled in many cases in the non-trapping case when there is local decay of energy with 
no loss of derivatives ( see [32] , [21] i [SOj i [3] i [12 ) , (|1-2P is also known to hold in several ex- 
amples involving hyperbolic trapped rays(see [15j.[16j.[9|). In addition to improving the 
hypotheses on the obstacles, we give the obstacle version of sharp life span for semilinear 
wave equations when n — 3, p < Pc^ hy using a real interpolation between KSS estimate 
and endpoint Trace Lemma, and by getting a corresponding finite time Strichartz esti- 
mates(see section 3). Lastly, we are able to use the general Strichartz estimates we have 
gained to get the Strauss conjecture for some perturbed semilinear wave equations with 
trapped rays when n = 3, 4(see Section 4). 



We consider wave equations on an exterior domain Q C 
(1.1) 



(9^ - Ag)u = F{t, x) on R+ X 



"|t=o = /, 
dtu\t=Q = g, 
{Bu){t,x) = 0, on M+ X dfl 



where for simplicity we take B to either be the identity operator or the inward pointing 
normal derivative dy. The operator Ag is the Laplace-Beltrami operator associated with 
a smooth, time independent Riemannian metric gjk{x) which we assume equals the Eu- 
clidean metric 5jk for \x\ > R, some R. The set fl is assumed to be either all of R", or 
else is a subset of |a;| < i? with smooth boundary. Note that here we do not require that 
R"/i7 is nontrapping. 



We will make the following assumption: 
Hypothesis B'. Fix the boundary operator B and the exterior domain fl C M" as above. 



The author is sincerely grateful to Christopher Sogge for his patient guidance and many helpful 
suggestions during the study on this subject. She would also like to thank Chengbo Wang for some 
stimulating discussions and comments on Section 3. 
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We then assume that given i?o > 
(1-2) {\\u{t,-)\\ 

JO 

<\\f\fm+. + \\9\\%+ I \\F{s.,-)\\\. ds, 

where m is a solution of ( II. ip with data (/, g) and forcing term F that both vanish for 
> Rq. 

Remark 1.1. We assume S to be finite time T or cxd, and although e could be any 
real number without effecting our techniques much, here we assume e > is an ar- 
bitrarily small number (which is all we need for now) throughout the paper for clarity 
of explanation. Note that when e = and T — oo, it is just the case in [H]. More 
specifically, when the obstacle is nontrapping, and A is the standard Euclidean Lapla- 
cian, we will have that local energy decays exponentially in odd dimension n > 3 and 
polynomially in even dimensions except n = 2 ([20]); for n = 2, local energy decays like 
0((log(2+t))"2(l+i)~^)([32]). These results imply (fO]) . When Ag is a time-independent 
variable coefficient compact perturbation of A, one also has that (|1.2p is valid for the 
Dirichlet-wave equation for n > 3 as well for n — 2 ii dil 0([3O],[3]). On the other 
hand, when there are trapped rays, it is known that a uniform decay rate is generally 
not possible(^), but we can get some local energy decay by trading some derivatives 
in the initial data. Ikawa, for example, gets the following exponential decay when n = 3 
and there are several convex obstacles which are far apart (see |16j). 

||u'(t, a;)||^2(|j.|<i) < e^"* \W i^i ^)\\h^{\x\<i) ' where a is a constant. 

By an interpolation of this estimate and standard energy estimates, it is easy to get 

(1.3) 2;)||^2(|j.|<i-| ^ e"''* 11/11^1+, (i^i^^p where c is a constant. 

which implies our Hypothesis B'. When there is only one hyperbolic trapped ray, Chris- 
tianson ([9]) also showed that for all odd dimensions n > 3 we have the local energy 
decay 

(1-4) Wu'it, a;)||^.(|,|<i) < e~**/^ |!u'(0, x)||^,+.(|,|<i) 

which gives Hypothesis B' as well. Further work in this direction can be seen in [4], [5] 

Now we will introduce a revised homogenous Sobolev norm: 
Definition 1.2. Define i7J(R")(and H^'{fl)) to be the space with norm defined by 

(1.5) ||/^||^-, = |||z?^(l-A)§/.||^, = / w^ni + ieD^Hoi' dc 

Notice that if < £i < £2, then 

HI C HI 
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We also notice that, when e > the above norm is equivalent to the following useful 
form: 

(1.6) HHmJ ~ Il'*ll_ff-'(|C|<1) + ll^llH^ + ^(|^t>l) ~ \\Hh-'{R'^) + ll^llij"T + e(Rr.) . 

The norm on manifold il is defined like in [T2| and [221 . Roughly speaking, 

ll/llH?(o) = ll/5/b-'a^') + ll(l-/5)/ll^?(K") 
where f2' is the embedding of rin{|a::| < 2R} into the torus obtained by periodic extension 
oinn [-2R, 2i?]", so that dVl' = dfl. And the spaces H^i^') are defined by a spectral 
decomposition of Ag\n' subject to the boundary condition B. 

We also redefine "admissible" as follows: 

Definition 1.3. We say that {X,j,ri,p) is almost admissible if it satisfies 

i) , Minkowski almost Strichartz estimates 

(1-7) hllLfX([0,S]xR") ^ MS) I|m(0, •)IIh-,(R.>) + l|c^t"(0,-)llii-T-i(R") 

where A{S) is a just constant when S — oo. 

ii) , Local almost Strichartz estimates for 

(1-8) hllLfx([o,i]xo) ^ ■)\\H:i(n) + \\dtu{0, ■)lli?;;-i(n) 

Notice that here we assume a weaker local Strichartz estimates by losing some deriva- 
tives in the regularity of initial data, which probably will happen when there are broken 
rays in the manifold. We also assume 77 > is an arbitrarily small number in our theo- 
rems, and actually in our application we only need the case when rj — 0. 

We will assume 1 — ^ < 7 < ^ throughout, so that {Hj,H^) and (7?i_-y, 7?i_-y) are 
comparable pairs for functions supported in a ball. Besides, for f3 G C5"(M"), with (3 = 1 
on a neighborhood of M"\ri, we assume that 

11(1 11(1 "/3)/llx(K") 

Now we will state our main Strichartz estimates : 

Theorem 1.4. Let n> 2 and assume that {X,j,ri,p) is almost admissible with 

r 7T. — 3 n — 1 , 

(1.9) p>2and7e[ —^^) 

Then if Hypothesis B' is valid and if u solves f \l.l\) with forcing term F = 0, we have 
the abstract Strichartz estimates 

(1-10) M\L'^x{[o,s]xn) ^ MS)i\\f\\H]^^^(n) + hllH^-^in))- 

Remark 1.5. We need — ^^y^ < 7 < ^^^^ since we will use Lemma f2.1[ which requires 
7 + e + ?/ < ^^^-^ for any positive number e, thus precisely 7 G [— -^^^ — £ — v]- On 
the other hand, when e is allowed to take large values, which depends on our local energy 
estimates, we can easily adapt our arguments to show 

I1"IIl^x([o,s]xO) ^ MS)i\\f\\Hi^^^(n) + \\9\\Hi-_^\{n)) 
under the assumption 7 e [—^^^, ^^]- 
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Next we will see two corollaries that involve adding forcing term to the equation. 

Corollary 1.6. Assume that (X, 7, ?y, p) and (Y, 1 — 7, 77, r) are almost admissible and that 
Hypothesis B' is valid. Also assume that (II. 9[) holds for {X,"/,ri,p) and {Y, 1 — 7,77. r). 
Then we have the following global abstract Strichartz estimates for the solution of (II. ip 
(1.11) 

where A ~ (1 — A)^, r' denotes the conjugate exponent to r and \\ ■ \\y' is the dual norm 
to II • ||y. 

Proof. Since 

||/i||^. = |||7^rA^'/i||^. £>0 
it is easy to see that the dual norm is 

\\h\\,H.y ^ Why-. ^ \\\DrA--h\\^, 



To prove (|l.lip . we may assume by (jl.lOp that the initial data vanishes. If l-Dl = ^y—Ag 
is the square root of minus the Laplacian (with the boundary conditions B), then we 
need to show 



(1.12) / e-'^'-'^^^^\D\-^Fis, ■)ds 



Lfx([o,s]xn) 



< 



A2(5)||A^(^+'')^||,.^,([„^„,^) 



Since p > r', an application of the Christ-Kiselev Lemma (cf. [10]) and (|1.10p show 
that it suffices to prove the estimate 



(1.13) 



/ e-''\°\\D\-^F{s, ■)ds = f e-''\°\\D\-^+^A'+'^F{s, ■)ds 

Jo Jo 



L2(o) 



< 



But by duality of (|1.10p for (Y, 1 — 7, 77, r) gives 



I.e. 



(1.14) 



/ e-'''^"^\Dp-^A-'-'^F{s, ■)ds <A{S)\\F 
Jq L^(n) 



iLj-'y'CR+xn) 



Now (fTJ3l) follows from (fTTil) . 



□ 



As a special case of (II. lip when the spaces X and Y are the standard Lebesgue spaces, 
we have the following 
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Corollary 1.7. Suppose that n > 3 and that Hypothesis B' is valid. Suppose thatp, r > 2, 
q,s>2 and that 

Inn In 

- + - = 7 = — H 2 

p q 2 r' s' 

and 

2 n~l 2 n-1 n-1 

p q r s 2 
Then if the local Strichartz estimate (jl.Sp holds respectively for (^L'^ (ft) , j , i] , p^ and (^L" (fl) , 1- 
'y,ri,r^, it follows that when u solves (|l.ip 

hllLfLS(R+xO) < \\f\\H:^^m + Il5lli?;-^i(0) + 11(1 - ^)'+"^IIl^'l='(R+xO)- 

These estimates of course are the obstacle versions of the mixed-norm estimates for 
R" and Ag = A. For nontrapping obstacle and B = I, these results were proved in odd 
dimensions by Smith and Sogge [26^ and then by Burq and Metcalfe [22] for even 
dimensions. The Neumann case was not treated, but it follows from the same proof. 
Unfortunately, the known techniques don't apply to the case of ?i = 2 due to ()1.9p . and 
Hypothesis B' seems also to require B — Id and dH. 7^ in this case. Also, at present, the 
knowledge of the local Strichartz estimates ()1.8|) when X = L''(r2) is limited. When H. 
is the exterior of a geodesically convex obstacle, they were obtained by Smith and Sogge 
[25j . and their results apply to the case when there are finitely many convex obstacles 
by finite propagation of speed. Recently, there has been work on proving local Strichartz 
estimates when X = L^{U) for more general exterior domains ([6], [7], [2], [21]), but 
only partial results for a more restrictive range of exponents than the ones described in 
CoroUar V 11.71 have been obtained. 

2. Proof of Theorem 11.41 

Lemma 2.1. Fix (3 e C(f (M") and assume that 7 < Then 
(2.1) / /3(-)(e^*l^l/)(i,-) ^ rfi<ll/ll|.(K.), 



if \D\ - V=A. 



Proof. Refer to Lemma 2.2 in [26] . 

□ 

Proposition 2.2. Let w solve the inhomogeneous wave equation 

{d'^ - A)u F{t, x) on M+ x M" 
(2.2) { u\t=o = 0, 

dtu\t=o = 



Assume that (|1.7p is valid whenever u is a solution of the homogeneous wave equation 

{df - A)u = on R+ x M" 
(2.3) { u\t^o - /, 

dfu\t=o = 9 
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Assume further that p > 2,j > -^3^. Then, if 

F{t,x)^0 if |a;| > 2i? 

we have 

(2-4) I1'^IIl|'X([0,S]xK") ^ ^i^) ll-^llLfij-'-i([0,S]xR") ' 



Proof. When S — 00, this is just Proposition 2.1 in [T3|. And their argument is easy to 
be modified to give the proof when 5 = T is finite. 

□ 

Lemma 2.3. Let u solves and assume that Hypothesis B' holds, let (3 G C^{M."-) 

equal 1 on a neighborhood ofW^\D,, then we have the following estimates: 
i), if f,g,F are supported in \x\ < 2R, 
(2.5) 

ll^'^llL~//J([0,5]xa) + \\f^'^M\L^Hl-\[a,S]xn) + ll/'"llL?ifJ([0,S]xO) + ll/3^t"llL?if2"i([o,s]xa) 

^ II/IIh2+^(o) + \\9\\H]+'-\n) + \\^\\L^H]+'-^i[0.,S]x 

a), if F is supported in \x\ < R, j < ^-^^^ , 
(2.6) 

ll'"llL~H2([0,S]xn) + ll^t"llL~ii-2-i([0,S]xO) + ll/3"llL2jyj([o^5]xn) + ll^f^t"llL2ii-J-i([0,S]xf2) 

^ ll/llffj(o) + h\\H2-\n) + II-^IIl?hJ+'-1([o,s]xO) ■ 



Proof, i), Since /, g, F are supported in a ball, by (|1.2p and elliptic regularity arguments 
for 7 G Z, and by interpolation for the remaining 7 € R, we get 

(2.7) Wu\\LlHl([0.,S\y.a) + ll/5^t"llL2^fj-i([o,s]xn) 

By Duhamel's principle, the inhomogeneous solution v satisfies 

11/5^11 L?_f/2([O.S']xf2) + ^Hl-\[0,S\y^n) ^ II -^H LiffJ+'-i ([O.S] xfi) ■ 

Now by duality of the above estimate, energy estimates and elliptic regularity, we get 

(2-8) \W\\L^HT^i^[Q^s]xn) + ll^t'"llL~Hj-^([0,S]xO) 

^ ll/llffo(ji) + ll5llffo-i(f^) ll^llL?Hj+=-i([o,s]xn) • 

Now (1^ is a resuh of (^7)) and (j^ . 

ii). For the homogeneous solution w, we can assume / = 5 = for |a::| < |i? by i). 
Decompose v = [1 — rj)vQ + v, with ?; e C|5"(M") equals 1 for |a;| < R and vanishes for 
|a;| > 

(1 — if)vQ solves Cauchy problem for the Minkowski space wave equation with initial data 
((1 — r/)/, (1 — ffjg) and forcing term G; v solves wave equation with initial data (0, 0) and 
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forcing term — G. Notice tliat G is supported in i? < < 2_R, we get tlie Lj bomids for 

(1 — r/)uo by Lemma l2.ll and i), and Li bounds for v by i) and Lemma l2.1l 

L( bounds for the inhomogeneous solution w follows from i) since F is still compactly 

supported. 

Similarly to i) , the bounds for u follows also from energy estimates , elliptic regularity 
and duality. 

□ 

Proposition 2.4. Let u solves and assume that 

(2.9) f{x) = g{x) ^ F{t,x) ^0, when > 2i?, 

if (X, 7,7y,p) is almost admissible with p > 2,7 > —-^^^j and hypothesis B' holds, then 
we have 

(2.10) \\u\\^ 

Proof Fix P e C§°{W") satisfying (3{x) ^ 1, |x| < 3i? and write 

u ^ V + w, where v = /3u, w — {I — (3)u. 
Then w solves the free wave equation 

(a2-A)w-[/3,A]^. 
w\t=o = dtw\t=o = 0. 

Notice that [/3, A]u is compactly supported, an application of Proposition 12.21 shows that 
II^ILfx is dominated by A{S)\\pu\\^-2fji if p G equals one on the support of f3. 
Therefore, by l|2.5p . HiwUlpx is dominated by the right side of (|2.10p . 
As a result, we are left with showing that if w = /3u then 

(2.11) II'^IIlpx([o,s]xO) ^^('S')(||/|| 

assuming, as above, that (|2.9[) holds. To do this, fix g C^((— 1,1)) satisfying 
"^(^ ~ i) — 1- -^^"^ ^ given j g N, let Vj = (p{t — j)v. Then vj solves 

' (92 _ A^)v, = -^{t - j)[A, f3]u + [dl ^{t - j)]f]u + ^{t - j)F 
< Bvj{t,x) =0, X edn 

^vj{o, ■) = dtv^io, = 0, 

while vq = V — J2'jLi solves 

(^2 - Ag)«o = -^[A, P]u + [dl ^]Pu + g>F 
Bvo{t,x)=0, X e dn 

Vo\t=Q = /, 94^014=0 = g, 

if = 1 — X^jli ~ j) if ^ > and otherwise. If we then let Gj = {d^ — Ag)vj be 
the forcing term for Vj, j — 0,1,2, . . . , then, by the local Strichartz estimates (|1.8p and 
DuHamel, we get for j = 1, 2, . . . , 

\\vj\\L^,x([Q,s]xn) < / \\Gjis, Ollff,]-! < ||Gj||^2jyj+,-i, 
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using Schwarz's inequality and the support properties of the Gj in the last step. Similarly, 

lkollLfX(R+xO) WIWhT, + ll.9ll_ff,]-i + II'^oIIl2_H-J+''-i • 

Since p > 2, by p.Sp and disjoint support of Gj, we have 

2 

'illLPx([o,s]xn) 



< 11/11 + Il5ll + 11^^11 

and so we get 

IkllifX ^ ll/llij"T + 2E + llffll/fT + E + TJ-l + ll^lliJ^T + e + rj-l 

2-12 2 2 2 

<^(5)(||/|| + Il3ll + ll^llL?ffT + e + ^-l) 



as desired, which finishes the proof of Proposition 12.4 



□ 



Proof of Theorem ll.4t Recall that we are assuming that [d^ — Ag)u = 0. By Propo- 
sition [2]4] we may also assume that the initial data for u vanishes when < 3R/2. We 
then fix /3 e Gg°{R") satisfying f3{x) = 1, < R and (3{x) = 0, |a;| > SR/2 and write 

u = uo ~ V — {1 — (3)uq + (/3uo — v) , 

where uq solves the Cauchy problem for the Minkowski space wave equation with initial 
data defined to be (/, g) \i x €0, and otherwise. By the free estimate (|1.7p . Proposition 
Oand Lemma O 



11(1 - /3)uo|L.^([o,s]xK") ^ A{S){\\f\\H. + Mh-,-^ + WGWlIhi--) 

<A{S)mH-. + \\9\\H.-^)- 

where G = U{{1 - j3)u) = AjS ■ uq + 2V/3 • Vuq is supported in i? < \x\ < 3i?/2. 

Now consider u — (3uo — v, which has forcing term — G and zero initial data, again by 
Proposition [2]4] and Lemma [2Tl1 



||(/3mo - v\\LPx{[o,s]xn) < MS)\\G\\^2fjy+.+„-i 

< A{S) ||/5Uo|li2^-7+e+.7 (here p is a C^" function.) 

<^(5)(||/|| + llffllij7 + e + ^-l)- 

The proof is complete. 

□ 
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3. Application!: Sharp life span bounds for p < Pc when n = 3. 

First let us describe the wave equation we shall consider: 

{df - Ag)u = Fp{u{t, x)) on R+ X 17 



(3.1) 



dtu\t=Q = g, 

{Bu){t,x) = 0, on R+ X dQ. 

with B as above, the set Q, is assumed to be either all of R'^, or else VI ~ R"\k where k 
is a compact subset of |x| < i? with smooth boundary, and n is nontrapping in the sense 
that any geodesic restricted to \x\ < R has bounded length. 

We shall assume that the nonlinear term behaves like when u is small, and so we 
assume that 

(3.2) W\diFM\<H'' 

0<j<2 

when u is small. 

Based on the discussion in the first section, we will assume Hypothesis B' holds with 
e = 0,S = T. Now if we set 

{Z} — {di,Xjdk — Xkdj I < I < n,l < j < k < n} 

then we have the following existence theorem for ( 13. ip . 

Theorem 3.1. Let n — 3, and fix il C R" and boundary operator B as above. Assume 
further that Hypothesis B' is valid with e = 0. Then if 

r- 1 1 

2<p<p, = 1 + V2, j=---, 

2 p 

and if 

, p(p-i) 



T / 

there is an Bq > depending on CI, B and p so that f \3.1\) has an almost global solution in 
[0,T^,] X n,satisfying {Z°'u{t, ■),dtZ°'u{t, •)) € ij^ x Hl'~\ \a\ <2,te [0,T,,], whenever 
the initial data satisfies the boundary conditions of order 2, and 

(3.3) T.(\\^"f\\Him + \\^"9\\Hl-\n)) 

l«l<2 

with < e' < Sq. 



In the case where = R'^ and Ag = A it is known that p > Pc is necessary for global 
existence (see John [IT])- In this case under a somewhat more restrictive smallness 
condition global existence was established by John [17] for the case where n = 3. For the 
local existence result, Lindblad [TO] handled the case 1 < p < 1 + V2 in R"^, then Zhou 
[34] for p = 1 + v^. In their works it was also shown that the lifespan estimates given 
are sharp. 

For nontrapping obstacles, Hidano, Metcalfe, Smith, Sogge and Zhou [H] dealt with 
the global existence part(i.e.p > pc) for p.ip with n = 3,4. 
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On the other hand, when the data is spherically symmetrical and n — 3, Sogge[15| and 
Hidano[T3] obtained the sharp local well-posedness theorem for Minkowski wave equation 
separately by using some radial estimates. It is also shown in [28] that the regularity 
7 = i — i is sharp for radial data. 

Here we will use a real interpolation method to get the local existence theorem for 
p.ip when the perturbation is nontrapping. 

Before handling the obstacle problem we will first see an alternative proof for Minkowski 
space results, which involves an interpolation between the following two estimates. 

Lemma 3.2. (a variant of KSS estimate) For n>3, let u solve the homogeneous wave 
equation (j2.3p in Minkowski space, then we have 

(3-4) II < ^ ^'*""/IL?Lj([o,T]xK") ^ B{T)\\fU^,, 

where 

( if _ 1 < a < 

(3.5) B{T)=l (log((2 + T)))3, if a = -i 

[ Constant, if a < — i 

In particular, for —\<a<Q, we have 

(3-6) lli-re"""/IL?.^ao,T]xM.)^T^^^ii/iiKo- 

Proof. Actually the cases when a < — ^ have been well set up in Du, Sogge, Zhou 
[T2] . and can be adapted to handle the case —\ < a < 0. Specifically, considering 
u = —i X]J=i ^j'^^i' — ^['^(^j Oifpli it is implied by 

II<->"-'IL?l^([o,t]xm")^^(^^)II/IIh.' «<o- 

But this follows from the following estimates 

(3-7) \W{t,x)\\L2Li{io,T]x\x\<i} £ 

and a scaling argument for |a;| < T, the energy inequality for \x\ > T. For a proof of 
((37)) refer to Keel, Smith and Sogge [18] . 

As for (|3.6p . we just need to take care of the case when |a;| < 1, but that is just a 
direct result from Lemma l2.1l and a scaling argument for a partition of {a; : < |a;| < 1}, 
see details in J^. □ 

In the following we will employ p.6p to do the interpolations for simplicity, while we 
remark that the weaker estimate (|3.4p can actually lead us to the same conclusion (13. lip 
as well by the same argument. 



The next estimate is a result from a complex interpolation between p.6|) and endpoint 
Trace Lemma. 



Proposition 3.3. For n = 3, let u solve the homogeneous wave equation (12. 3p in 
Minkowski space, then we have 

^•^■°) IN-^I ^ IIl3l3lj,([o.t]xR") ~ ^ II^II^F ' 
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/or-i < a< 0. 

Here, and in what follows, we are using the mixed-norm notation with respect to the 
volume element 

/ / f \ g/p \ 1/9 

\\h\\L^LZ^{j^ [j^^_HrL0)\^da{L0)) r"'^dr) 

for finite exponents and 



^IIl-lS, = sup( / \h{ruj)\P dcr{uj)) 



\h{ruj)\'' da{uj) )^^^ 

r>0 ^ JS"- 

Proof. Recall that we have the endpoint Trace Lemma(see [33] ) 



2,1 



Now if we use a complex interpolation between this estimate and (|3.6[) for n = 3, and 
set = i, use the fact that for complex interpolation between besov spaces we have 

{B2^2j ^2.1)10] = 3{see Section6.4 in [1]), we get the desired estimate (|3.8p for — ^ < 
a<0. " □ 

Now we will cite some notations and results in and [21] • Let Aq,Ai be Banach 
spaces, define the real interpolation space {Ao,Ai)g^q for < 6* < 1, 1 < g < 00 via the 
norm: 

MWa.)s.. = ll«ll(A„,A,W = ( r{t-'K{t,o)Ydt/tY 

J 

where 



Now if we let 



K{t,a)^ inf (||aolUo + 

a=ao+ai 



-"2,2) ^1 - ^2,^ 

So = i?,^i^([0,r] X [0,00) X S^,r^+^''dtdrdw) 
El = Ll^Li{[Q,T] X [0,00) X S^,r^+^''dtdrdw), 
then by (|3.6p and (|3.8p . we have 

(3.9) Tf ^ e'^^^^f : A^ B, where A ^ {Aq, Ai), B ^ (Bq, Bi) 
and 

(3.10) Mo < ^5+'', Afi < Ti(5+'»), where M, = ||T||^^^^^. , j = 0, 1 

Now we can state the main weighted Strichartz estimates as follows: 

Proposition 3.4. For n — 3, let u solve the homogeneous wave equation (|2.3p in 
Minkowski space, then we have 



where 7 = — - and 2 < p < 1 + \/2- 

z p 
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Proof. Since Kg q is an exact interpolation functor of exponent 0(Theorem3.1.2 in [T]), 
from dsn and (jflU)) we get 

if — i < a < 0. But from Theorem 6.4.5 in pj we have 

{B;i,B;'Jg,r = B;;, if so ^ SI, < < 1, r, go, 91 > 1, = (1 - 9)so + 9si. 

Set a = 2^ — ,9 = 3 — ^, then we have < < 1 and — ^ < a < satisfied since 

2 < p < 1 + V2, thus 

(3.13) o/(l3l3<r^^ 11/11.. _i -T^^ 11/11 

p ^ p H P 

-°2,2 

On the other hand, we can use the fact(Theorem3.4.1(b) in [I]) 

C Ag^r, \i q < T 

and bihnear weighted interpolation(Sectionl.l8.5 in [31]) 

( [Lf°j.Llj,wo{r)dtdrdw) , (^Lf^j.L^,wi{r)dtdrdw) j = {^L^^Ll^,w{r)dtdrdw) 

if 1 ^ 1^ + A = u; ™ . 

p PO Pl ' ^ ' U 1 

And since p > 2, we have 

LHSof ^>\\Tf\\s =\\Tf\\ 

'''J^ [L^ ^,L^.r P dtdrdw) 

(3.14) 

II ^ II 

= II " ^/|lLfL?LJ,([o,T]xB") 

Now (IXTT|) is just the resuh of ((XT3)l and dSH]). □ 

As a result, by the arguments to follow, (|3.1ip is strong enough to show the local 
existence of solution as described in Theorem 13.11 in Minkowski space case. 

To prove the obstacle version of this result, we define X = X^^q{R^) to be the space 
with norm defined by 



(3.15) I|/^IIx_ = II/^IIl-'.(| x\<2R) 

with A{T) = T p and s 



\x\ p h 



Lf.Ll{\x\>2R) 



'( n-2'y- 



Now we can prove the following estimate provided 7=5—^ and p >2: 
(3-16) II"IIlpx([o,t]xK3) < 11/11^^ + ||.9|lijT-i, 

if nu = 0. 

Indeed, the contribution of the second part of the norm in (13.15^ is controlled by (13. lip , 
and the contribution of the first term is due to Sobolev estimates and an interpolation 
between (|2.6p (Note that e = in our case). 
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Furthermore, by finite propagation speed of the wave equation, Sobolev estimates and 
interpolation in ( 12. 6p . we have the local estimate for solutions of (jl.ip with F ^ 0: 



(3.17) 

where p > 2. 



From (|3.16p and (|3.17p . we know {X,j,0,p) is admissible, by Theorem 11.41 we have 
the following Proposition: 

Proposition 3.5. For n = 3, let u be a solution of Ijl.ip with F = 0, Q is as described 
in this section, and also assume 



(3.18) 

then 
(3.19) 



7 = pe (2,1 + V2), 

2 p 

\W\\Llx{[o,T]xn) ^ II/IIht + Il.9llij7-i- 



Corollary 3.6. For n = 3, let u be a solution of (jl.ip . is as described in this section, 
and assume condition (j3.18p is satisfied, then 



W'^W Lt:'' {[0,T]x\x\<2R) + (MT)) ^ 



\x\ p u 



LlLPLl(\x\>2R) 



<ll/ll„, + IMI«-,-. + l|f||^.^,_,„„,^,^,^^^, 



\x\-2-^F 



L\LlL^^{[l3,T]x\x>2R\) 



Proof. By Duhamel's principle, Sobolev estimates and the following estimate(refer to 
(3.7)in M)- 

In 

Here the condition ^<1 — ■y<^is satisfied due to p.lSp 

□ 



If we set r — {dt,Z}, then we can easily adapt the argument as in to get the 
following two estimates: 
(3.20) 



(W^^'^Wl'^lI'' {lO.T]x\x\<2R) + ^ 



|a|<2 



) 



L'tL^Ll(\x\>2R.) 



" " ^^LlLj^-ilO,T]x\x\<2R) 



LlLl.Ll,{[a,T]x\x>2RD 



)• 
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(3.21) 



i|<2 



< y + ||Z°5|U,_0 + y (||r"F|| 

a|<2 |ck|S2 



itiri'™([o.?'lxb>2fl:|) 



Now if we set 

Mu{T)^ E (l|r"«'^^llL?L:-([0,T]x|.|<2.^)+^(r)-' 
l"l<2 

where it^; , fc > is the solution of 



\x\ — T^Uk 



L^tLlLl([0,T]y.\x\>2R) 



(3.22) 



((9j^ - Ag)Mfc = Fp(ufe_i(t, a;)) on M+ x f7 
{Buk){t,x) = 0, on M+ X 9f7 



By the same iteration argument as in |14j . we obtain theorem 13.1 



Note, if we use the KSS estimate for a — instead of — ^ < a < 0, and the same 
complex and real interpolation method as above, we will get Proposition 13.41 with p = 
1+V2,a = -i and A(r) = {log{2+T))v , and more further get the local-wcUposedness for 
critical power p = 1 + V2 with T, = ea;p(Ce-(P-i)), but this life span is Not optimal. (The 
optimal one should be = exp{Ce'^P^P~^'>)). 



4. Application2: Strauss conjecture on semilinear wave equations with finitely 
many obstacles. 



We will consider wave equations of the form 
(4.1) 



[df - Ag)u{t,x) = Fp{uit,x)), {t,x) eR+xn 
Bu ^ 0, on IR+ X dn 
u{0,x) = f{x), dtu{0,x) ^ g{x), x e il, 



with B described as in the first section, fl — R"\lJi!Li where Ki{i = 1,2, • , m) are 
disjoint compact convex subsets of |a;| < R with smooth boundary. We shall assume that 
the nonlinear term behaves like \u\p when u is small, and so we assume that 



(4.2) 



when u is small. 



0<j<2 



\u\^\diF,{u) \ < lul", 



Ikawa [Hj managed to show that solutions of (|4.ip with n — 3,Ag — A,B = I have 
exponential decay estimates with a loss of 2 derivatives of data, to assure this we need 
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some technical assumptions, which we wih assume are satisfied here. Now by using an 
interpolation of this estimate and energy estimate we get an estimate of the form: 

a;)|j^2(|^l<i-i < e^"*- ||u'(0, , for any positive number e. 

Therefore we will assume Hypothesis B' holds for (|4.ip . 

In the next theorem we are abusing the Hypothesis B' a little by assuming it is true 
for n — A. Actually there has been no polynomially local energy decay set up for even 
dimensions when there are trapped rays, which could be expected though. And Burq did 
show that local energy decays at least logarithmically with some loss in derivatives ([3]). 

Theorem 4.1. Let n = 3 or 4, and fix f2 C M" and boundary operator B as above. 
Assume further that Hypothesis B' is valid. 

Let p ~ Pc be the positive root of 

(4.3) (n- l)p2 - (n+ 2 = 0. 
Then if 

(4.4) Pc<P< (n + 3)/(n-l), 7 = 1-^, 

there is an > Q depending on fJ, B and p and £ > arbitrarily small so that (j4.ip 
has a global solution satisfying {Z°'u{t, ■),dtZ°'u(t, •)) e Hg x H'^ , |q;| < 2, t G IR_|_, 
whenever the initial data satisfies the boundary conditions of order 2, and 

(4-5) E (ll^"/bi(o) + ll^"5llH-^(o)) 

|a|<2 

with < e' < Eq. 

On the other hand, if 

(4.6) 71 = 3,7= i-ipe (2,1 + V2). 

2 p 

and 

(4.7) = ce'p^-V-i, 2<p<l + \/2 

then there is a unique solution in [0, T^i) x D, such that {Z°'u(t, ■ ), dtZ^uit, ■ )) G Hg x 
^ under condition (14. 5p . 

Before we turn to the proof of this existence theorem, we will first use the Stricharz 
estimates to get important estimates that will be used. 

Define X = Ar^_p(R") to be the space with norm defined by 

(4.8) \\h\\x,^ = \\hh^-,^\^\^,n) + iMS))-' \x\^^h 

Lf.Ll{\x\>2R) 

where — i;^^, S = T and A{T) is as defined in last section for n = 3,p < Pc, 7 = ^~pl 

5" = cx) for n = 3,4,p >pc,7 = f - 

Now by using p. lip , a known result (3.6) in [2] and energy estimates, we can adapt 
the argument in section 3 to get the following Proposition: 
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Proposition 4.2. For n = 3 or A, let u be a solution of { with F — 0, and assume 
condition (14. 4p or (14. 6p is satisfied, then 



(4.9) 



Corollary 4.3. For n = 3,4, Zef u be a solution of ( and assume condition (|4.4I 
or (|4.6p is satisfied, then 



(4.10) 

ll"llLfi°"'([0,S]x|2;|<2fl) + (^('5')) 



< 



L^L^Ll{[0,S]x\x\>2R) 



WfWm + Mm 



-X|a;|<2_R,) 



x\-2+^-^F\\^, 



LjLiLJ,(R+x|£c|>2_R) ' 



Proof. By (|4.9p . we can assume f = g = 0, and by Duhamel's principle we have 



LHS<\\F\\^,^^^-^ 



xO) 



^ ll-^llLj_ff^-i(R+xJ2) + ll-^llLiij"T+^-i(R+xn) ■ 

Recall the following estimate (refer to (3.16)[T4]): 

1 n 

(4.11) llffll,,-. < ||kr-+^-^5|L.,. (|.|>.«,) + , if - < 1 - 7 < 2- 

Here the condition i<l — 7<^is satisfied due to (|4.4p or (|4.6p . 
If we use (|4.1ip we get 

ll-^llL;ij7-i([0,S]xO) + \\P\\LlH-' + ^-^[a,S]xn) ^ lll^^l LlLl.Ll(lO,S]x\x\>2R) + "'^"lIl^'i-' ([o,s] x |2;|<2K) 

-I- II |rl~t+l-'>'-ep|| +IIFII / 

-t-IIFI ^lliJiiil([0.5]x|x|>2fl) + ll^ll^i^^i-.-.([0.,j^|^|<2fl) 

< llla;r^+^~'^i^ll + ll_Fll 

- ^ llL;LiL^([0,S]x|.|>2fl) + 11^ llLjL:i---([0,S]x|.|<2fl) ' 

when e > is small enough, which completes the proof. 

□ 

Proposition 4.4. (Higher order Strichartz Estimates) . Under assumptions in Corollary 
\4-3[ and assume that {f,g,F) satisfy Hg x x H]^ boundary conditions, then 



(4.12) 

\a\<2 \a\<2 

+ E (II l-l-^^-r"FL.,,,,(«,.,,,>,,„ + lir-^ll 

|q|<2 ' 
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and 
(4.13) 

E 

|a|<2 



LfL?L2 (E+x{|x|>2fl}) + llr"U||rPr"T 



L^L^^ {M+x{xen:\x\<2B.}) 



< E(ii^"/iiH?. + ii^".9b- 

|a|<2 



a|<2 



S+x{x6n:|x|<2_R}) 



Proof. We first consider the Cauchy data for . This is clear if F" is replaced by . 
On the other hand, the Cauchy data for dtu is {g, Ag/ + F{0, ■ )). We may control 

(||Z"9||^. + ||Z"Ag/||^,-.) < J2 {\\ZVU2 + \\Z'^9\\h7-^)- 

\a\<l \a\<2 

Recall that 7 e (0, 5), so that H^{n) H''{n). To control the term F(0, • ), we recall 
that F — {dt, Z}, and use the bound 

(4.14) Yl lir"^llLri^?-(M.xo) < E lir"^llLji^r^(K+xo): 

a|<l |a|<2 

which by (|4.1ip is seen to be dominated by the right hand side of (|4.13p . Similar consid- 
erations apply to the Cauchy data for dfu. 

Let us now give the argument for (|4.13p . We first fix Pq S satisfying Pq — 1 for 
|x| < R and vanishes for {|x| > 2R}. Let 

F"m = (1 - /3o)r"ii + PoV^u = v + w. 

Since the F commute with Ug when > R, we have 

Dgv - (1 - /3o)F"F - [/3o, Ag]F"u . 

We can therefore write (1 — /3o)F"it as vi + V2 where DgWi = (1 — /3o)F"F and vi has 
initial data ((1 - /3o)F"u(0, • ), i9t(l - /3o)F"u(0, •)), while DgWa = -[/3o, Ag]F"M and V2 
has vanishing initial data. If we do this, it follows by (|4.10p that if for |a| < 2 we replace 
the term involving F"u by vi in the left side of (|4.13p . then the resulting expression is 
dominated by the right side of (|4.13p . If we use Proposition l2.21 we find that if we replace 
F"u by V2 then the resulting expression is dominated by 

(4.15) J2 II [/3o,Ag]F"^||^.^.-. <^||/3ia^u||^.^.+.-., 

|q|<2 j<2 

assuming that Pi equals one on the support of Pq and is supported in i? < |a:| < 2R. By 
(12. 6[) and Duhamel's principle we control WPidfuW^j^-r by the right hand side of (|4.13p . 
On the other hand, by Cauchy-Schwarz and Parseval's Formula, 

WPldtuWl^ -, + 1 < \\PldtU\\L2Hy ||/3lu||^2j:^T + 2. 
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So it suffices to dominate ||/3iu|j^2^T+2. Since AgU = dfu — F, then if P2 equals one on 
support of Pi and is supported in the set where |a;| < 2R, we may use elliptic regularity 
and the equation to bound 

WMIl^HI-^-' - \\P2\u\\LjHl + \\P2u\\l^hI 



The first two terms are dominated as above using (j2.6p and Duhamel's principle. For the 
last term, Sobolev embedding and duality yields 

(4.16) < J2 

|q|<1 

II t,x llLiL°i-T-E(E_|_x{i:eO:|x|<2fl})' 

|q|<2 

Thus we are done with the proof of (|4.13p when T^u is replaced by v. 

For w = /3or"u, since the coefficients of F are bounded on support of Pq, if /3i equals 
one on the support of /3o and is supported in \x\ < 2R, then by Sobolev embedding 



E 

q|<2 |q:|<2 

^E 

lil<2 

The first term is dominated as above, and the bounds for the second term is just from 
(|4.12p . so we are done with proof of (|4.13p . 

Now we turn to the proof of (|4.12p . 

As before we first consider the inequality where T"u is replaced by w = ui + 1^2 in 
(|4.12p . The inequality involving vi just follows from energy estimates on R", Duhamel's 
principle and (|4.1ip . For V2 by (|2.6p we see that it is controlled by 



2 ITl + e+'^—j 



\LiH 



(4.17) E II 1/^0' ^g]r""llL2^j--i < E ll/^i^t "II 

|a|<2 j<2 

by almost the same argument as above we get the desired bound in (j4.12p . 

Now we are only left with w — /^oF^u, first notice that the left hand side of (|4.12p 
with w is dominated by X^jo WP^'^t^W l"^ h^+i- ' ■ case j = 0, 1, since 

\il3iu,dtPiu)\t=o = (/3i/,/3i5), 
we use (|2.5p with the DuHamel formula to bound 

^ II/3i/IIh-'+2 + ll/3i5ll//T+i + \\P2u\\^2Hy+^+2 + \\l3iF\\^i^ 



1 zjy + e + 1 ■ 
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The term on the right involving u was controhed previously; on the other hand, since F 

J-7-f 



satisfies the H'g'^ boundary conditions, 



|a|<2 



To handle the terms for j = 2, 3 we use the equation to bound 

i=2,3 j=0,l 

The terms involving AgU are dominated by \\(32dju\\j^^-^-i+2-j with j — 0, 1. The terms 
involving F are controlled for j = 1 by (|4.14p . and for j = by observing that (|4.16p 
holds with Lj replaced by LJ". This completes the proof of (|4.12p . □ 

Proof of Theorem 14.11 

We will adapt the argument from [T3]. First, let uq solve the Cauchy problem (jl.ip with 
F = 0. We iteratively define Uk, for fc > 1, by solving 

'{Of - Ag)ukit,x) = Fp{uk-i{t,x)) , {t,x) eR+xn 
wfc(0, •) = / 

9tM/c(0, ■ ) = 5 

^{Buk)(t,x) ^0, onW+xdn. 
Our aim is to show that if the constant e' > in (|4.5p is small enough, then so is 

q|<2 

-111 -■7+'--^ N 
+ (A(S')) II |x| P r"Ufe||^p^p^2^jg_5j^^|^|^2fl}) + l|r""fc|lLf'L:^([0,S]x{2:en:|a;|<2J?,}) j 

for every fc = 0, 1, 2, . . . . 

For fc = 0, it follows by (|4?T2)) and (|4?T3)l that A/q < Cqe', with Cq a fixed constant. More 
generally, ((4T2| and (j4?T3l) yield that 



(4.18) Mk < Cos' + Co E ( II l-r^^'"''r"F,K„0|Lj,j,^. («,,||.|>2Hy 

|a|<2 

+ ||r"Fp(Mfc_l)|| 4 ^ 

Note that our assumption (14.21) on the nonlinear term Fp implies that for small v 

|q|<2 |a|<2 |a|<l 

Furthermore, since Uk will be locally of regularity H'^^ C L°° and Fp vanishes at 0, it 
follows that Fp{uk) satisfies the B boundary conditions if Uk does. 

Since the collection F contains vectors spanning the tangent space to S"~^, by Sobolev 
embedding for n ~ 3,4 we have 

^('^•)ik-+ E iirMr-)iUi< E w^^'vir-nLi- 

\a\<l \a\<2 
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Consequently, for fixed t,r > 

J2 ||r"FpK_i(t,r.))||Ls < E l|r"«^-i(t,^-)ll^. ■ 

\a\<2 \a\<2 

Thus the first summand in the right side of (|4.18p is dominated by Ci(^A{S)Mk-iY ■ 
We next observe that, since Sj > 2 and n < 4, it follows by Sobolev embedding on 
{n n \x\ < 2R} that 

\\v\\L^{x£n:\x\<2R) + X! l|r""lli*(^ei2:|xl<2_R) ^ X! W^" '"W L"'' ix£n:\x\<2R) ■ 
\a\<l \a\<2 

Since s^_^_2£ < 2, it holds for each fixed t that 
(4.19) 

E l|r"^f("fc-l(^'-))llri-.-(.eO:N<2«)^ E l|r"i^pK-l(^, ■))l!L^(.eO:N<2«) 
|a|<2 |q|<2 



< J2 lir"ufc_i(i. 



' ''llL=T(2:en:|x|<2_R) 
|a|<2 



The second summand in the right side of (|4.18p is thus dominated by CiM^_^ , and 
we conclude that Mk < Cqe' + 2Co Ci(yl(5)A/fc„i)P. For e' sufficiently small, by the 
definition of A{S), then 

(4.20) Mk<2Coe', /c = 1,2,3,... 



To finish the proof of Theorem 14.11 we need to show that Uk converges to a solution of 
the equation (|4.ip . For this it suffices to show that 

Ak = {A{S))-^\\ \x\^^{uk - uk-i) \\l.l.l2^[„^s]x{\x\>2R.}) 

+ \\uk - ^k-lllL'^Lf {[0,S]x{xen: |2;|<2_R}) 

tends geometrically to zero as fc ^ oo. Since \Fp{v) — Fp{w)\ < |w — u;|( \v\p~^ + \w\p^^ ) 
when V and w are small, the proof of (|4.20p can be adapted to show that, for small e' > 0, 
there is a uniform constant C so that 

Ak < C{A{S)rAk-i{Mk-i+Mk-2r-\ 

which, by (|4.20p . implies that A^ < ^Ak~i for small e'. Since Ai is finite, the claim 
follows, which finishes the proof of Theorem 14. II □ 
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